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E Document: 1. Introduction to Addition and Subtraction

Summary 1. Introduction to Addition and Subtraction
Worksheet 1. Introduction to Addition and Subtraction

Movie Ea-_‘ 1. Introduction to Addition and Subtraction

Looking at Money to Motivate Negative Numbers
Subtracting a Larger Number from a Smaller Number
Adding a Positive Number to a Negative Number
Adding a Negative Number to a Positive Number
Combining Two Negative Numbers

Subtracting a Negative Number

A Few Exercises

E Document: 2. Addition and Subtraction, Arithmetical View

Summary 2. Addition and Subtraction, Arithmetical View

Movie iﬂr‘ 2. Addition and Subtraction, Arithmetical View

Addition of Real Numbers

Introducing the Operation +

The Properties of Addition

The Commutative Property of +

The Associative Property of +

Adding More than Two Numbers

The Role of the Number 0

Introducing the Operation —
Introducing the Notation —b

The Cancellation Law for Addition
Subtracting b s the Same as Adding —b
Subtracting —b Is the Same as Adding b
The Equation —(—b) = b

The Equation —(a +b) = —a—b
The Equation—(a—b) =b—a

E Document: 3. Addition and Subtraction, Geometric View

Summary 3. Addition and Subtraction, Geometric View

Movie E} 3. Addition and Subtraction, Geometric View



E Document: 4. Exercises on Addition and Subtraction

Summary 4. Exercises on Addition and Subtraction
Worksheet 4. Exercises on Addition and Subtraction

Movie Ei‘ 4. Exercises on Addition and Subtraction

Exercise 1: Simplify the Expression 4 — 7

Exercise 2: Simplify the Expression 2 — 6

Exercise 3: Simplify the Expression —(2 — 6)

Exercise 4: Simplify the Expression 5 + (2 — 3)
Exercise 5: Simplify the Expression —2 — 3

Exercise 6: Simplify the Expression 2 — 3 + 4

Exercise 7: Simplify the Expression 2 — (3 + 4)
Exercise 8: —(a+b) = -a-b

Exercise 9: Simplify the Expression -2 + (3 —7)
Exercise 10: —(a—b) =b—a

Exercise 11: Simplify the Expression 2 — (3 — (-1))
Exercise 12: Simplify the Expression 3 — (2 — (4 —9))
Exercise 13:a — (b —¢)

Exercise 14:a— (b—(c—d))

Exercise 15: (a—b) — (a—c¢)

More Exercises on Addition and Subtraction
Exercise 1: 7 + (5 - 2)

Exercise 2: 7 +5—-2

Exercise 3: 7 — (5—2)

Exercise4: 7 —5-2

Exercise 5: 7 — (2 - 5)

Exercise 6:a — (a—b)

Exercise 7:a — (a+b)

Exercise 8:a— (b+a)+b

Exercise 9: (2 —b) + ¢

Exercise 10: (a—b) — (a +¢)

Exercise 11: (a+b) — (a—c¢)

Exercise 12: ((a—-b—c) - (@a-b-d)) - ((d-a) - (c-a))
Exercise 13: (2~ b) - (((a-¢) - (d-a)) - (a-e))
Exercise 14: —(—(—a))

Exercise 15: @ — (—(—(—(-(a—Db)))))

Exercise 16:a — (a— (a—(a—(a—(a—Dh)))))

= Document: 5. Multiplication of Numbers

Summary 5. Multiplication of Numbers

Movie Ei‘ 5. Multiplication of Numbers

Introducing the Operation Times

The Commutative and Associative Properties of Multiplication
The Distributive Law

Motivating the Three Laws

Multiplying by 1

Multiplying by 0

The Equation a(-b) = —ab

The Equation (—a)(—b) = ab

= Document: 6. Exercises on Multiplication

Summary 6. Exercises on Multiplication
Worksheet 6. Exercises on Multiplication

Movie Ei‘ 6. Exercises on Multiplication



Exercise 1: 3 — (—1)?
Exercise 2: 3 — (—1)°
Exercise 3: 2 — (—a)?
Exercise 4: a — (—a)°
Exercise 5: (—a)°b
Exercise 6: —a°h
Exercise 7: (—a)°b
Exercise 8: —a’b

= Document: 7. Fractions and the Operation of Division

Summary 7. Fractions and the Operation of Division

Movie ﬁi‘ 7. Fractions and the Operation of Division

Introducing the Operation divides

Introducing The Notation b~*

Why Don’t We Divide by Zero?

The Cancellation Law for Multiplication
Dividing by b Is the Same as Multiplying by b~
Dividing by b~ Is the Same as Multiplying by b
The Equation (h2) ™" = b

When the Product of Numbers is Equal to Zero
Multiplying a Fraction by a Given Number

The Equation -& = ab~l¢c!
e Equation bC

The equation (bc) ™ = b2ct

Dividing a Fraction by a Given Number
Cancelling in a Fraction

Inverting a Fraction

Dividing by a Fraction

Multiplying Two Fractions

Dividing a Fraction by a Fraction

Adding Two Fractions with the Same Denominator
Adding Any Two Fractions

= Document: 8. Exercises on Multiplication and Division

Summary 8. Exercises on Multiplication and Division

Movie ﬁi‘ 8. Exercises on Multiplication and Division

Worksheet 8. Exercises on Multiplication and Division
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Exercise 18: (x1 +y~1)*

Exercise 19: <(X’1)71 + (y’l)&)’l

2+13
2+8

Exercise 21: ((%)71 * (%)71)71

Boot Camp Group

Exercise 20:

1. The Number Line
1. The Number Line

Ei‘ 1. The Number Line

The Relation <

Two Important Facts About the Relation <

The Words "Positive" and "Negative"

Distance Between Numbers and Absolute Value

2. Expanding Algebraic Expressions

2. Expanding Algebraic Expressions
2. Expanding Algebraic Expressions

Ei‘ 2. Expanding Algebraic Expressions

What is Expansion?

Some Examples of Expansions
Example 1: a(x — y)

Example 2: —a(X +Y)

Example 3: —a(X — )

Example 4: —(a — b)y

Example 5:a(X +Yy +2)

Example 6: (2 +b)(X +Y)

Example 7: (a — b)(X +y)

Some Further Variations

Some Exercises on Expansions
Exercise 1: a(X —y +2)

Exercise 2: a(—X —Y)

Exercise 3: —a(X — Y)

Exercise 4: (a—b)(X—y +2)
Exercise 5: (a—b—-c)(x—y—2)
Exercise 6: (2 — b)(X —y)(U—V)
Exercise 7: 4(Xx — 3)

Exercise 8: 4(5x — 3y)



= Document:

Summary
Worksheet

Movie

Exercise 9: 4a(5x — 3y)
Exercise 10: —4a(5x — 3y)

3. Expanding Algebraic Expressions that Contain Exponents

3. Expanding Algebraic Expressions that Contain Exponents
3. Expanding Algebraic Expressions that Contain Exponents

Ei‘ 3. Expanding Algebraic Expressions that Contain Exponents

Preliminary Discussion on Expansions
Exercises On Expansions that Include Exponents
Exercise 1: (a + b)?

Exercise 2: (2X +Y)?

Exercise 3: (a — b)?

Exercise 4: (2X — y)?

Exercise 5: (a—b)(a+b)

Exercise 6: (2X —y)(2X + V)

Exercise 7: (2X — 3y)?

Exercise 8: (3X + 4yz)?

Exercise 9: (3a° + 5b?)?

Exercise 10: (4x* — 3y?)?

Exercise 11: (3x3 + 2y)?

Exercise 12: (3x3 — 2y)?

Exercise 13: (3x° — 2y)(3x® + 2y)

Exercise 14: (4x* — 3y3)(4x* + 3y?)

Exercise 15: (3xy + 2u?)”

Exercise 16: (2x3y — 5az2)?

Exercise 17: (4xy* — 32)°

Exercise 18: (4xy* + 32)°

Exercise 19: (2x2y + 3xy?2)?

Exercise 20: (2x2y + 3xy?)(2x%y — 3xy?)
Exercise 21: (2X + 3y)? + (x — 5y)?

Exercise 22: (2X + 3y)” + 2(x — 5y)?

Exercise 23: (2x + 3y)? — 2(x — 5y)?

Exercise 24: (2x + 3y)® — (x — 5y)?

Exercise 25: (X —Y)(X +Y)

Exercise 26: (2X + 5y)% — (3x — 2y) (3% + 2y)
Exercise 27: (X — Y)(X? + Xy +y?)

Exercise 28: (X — V) (X% + X2y + xy? +y?)
Exercise 29: (X + Y)(X? +y?)

Exercise 30: (X — 2y + 1) (X% + 4y? + 1 + 2xy — X + 2Y)
Exercise 31: (@ + b +¢)(a? + b% + ¢c2 —ab —ac — bc)

E Document: 4. Introduction to Factorization

Summary
Worksheet

Movie

4. Introduction to Factorization
4. Introduction to Factorization

Ei‘ 4. Introduction to Factorization

Factors of an Integer

Terms and Factors of Polynomial Expressions

Factorizing by Taking out a Common Factor

Some Exercises on Taking out a Common Factor
Exercise 1: 6x + 15y

Exercise 2: 6X + 15x2y

Exercise 3: 6x(a + 2b) + 15x2y(a + 2b)

Exercise 4: a%bx + a’by + a’bz

Exercise 5: a2h®x + a®b®y + ash*xy



E Document:

Summary
Worksheet

Movie

= Document:

Exercise 6: X(X +Y) +Y(X+V)

Exercise 7: (2 + 2b)x?y + (a + 3b)xy?

Exercise 8: (a+2b)(a—b) + (a+2b)(a—5b)
Exercise 9: X'y3 (X +Vy) — x3y°(x —y)

Exercise 10: a(X +Y) + a(X + 2y) + a(x + 3y)

5. Factorization by Common Factors and Grouping

5. Factorization by Common Factors and Grouping
5. Factorization by Common Factors and Grouping

Ei‘ 5. Factorization by Common Factors and Grouping

An Example to lllustrate the Method of Grouping
Some Exercises on Grouping

Exercise 1: 3X + 3y + ax + ay

Exercise 2: a(x —y) +a(2x+ 5y + 1)

Exercise 3: 3a(x — 2y) + b(x — 2y)

Exercise 4: 6a%(x — 2y) + 10ab®(x — 2y)
Exercise 5: (X + 2y)(X — 3y) —a(x — 2y)(X — 3y)
Exercise 6: a(X — 3y) — b(3y — x)

Exercise 7: ab®(x + 2y)(x — 3y) — a?b(x — 2y)(3y — x)
Exercise 8: (a + 3b)x — (3b + a)y

Exercise 9: (a +3b)(a—3b) + (3b+a)(3b—a)
Exercise 10: (a + 3b)xy + (3a + b)vy

6. Factorizing a Difference of Squares

Summary 6. Factorizing a Difference of Squares
Worksheet 6. Factorizing a Difference of Squares

Movie

E Document:

Summary
Worksheet

Movie

E} 6. Factorizing a Difference of Squares

Exercise 1: X? — 9

Exercise 2: 4x? — 9y?

Exercise 3: (a + 5b)% — 9y?
Exercise 4: 4(x — y)* — p?
Exercise 5: 16x16 — y?

Exercise 6: 23352 — 23342
Exercise 7: 25x% — 9(x + 2y)°
Exercise 8: 4x% — 9(3x — y)?
Exercise 9: 25X — (X + 2y)*
Exercise 10: 18x? — 2(2a — 5b)?
Exercise 11: 16x® — 81y*

Exercise 12: (X — 2y)? — 4(x —a)?
Exercise 13: (X2 + y2)? — 4x2y?
Exercise 14: (2x + 3y)* — (x —y)*

7. Factorizing a Sum or Difference of Cubes

7. Factorizing a Sum or Difference of Cubes
7. Factorizing a Sum or Difference of Cubes

Ei‘ 7. Factorizing a Sum or Difference of Cubes

Factorizing Expressions of the Form a" — b"

Exercises on Difference of Cubes
Exercise 1: X° — y®

Exercise 2: U® — V3

Exercise 3: 8 — m?®

Exercise 4: k% — 27

Exercise 5: 125a°% — b?

Exercise 6: 125a° — 8b?



Exercise 7: 250a* — 54ab?®
Exercise 8: 2% — b®

Exercise 9: a%h® — 27¢*?

Sum of Cubes

Exercises on Sum of Cubes
Exercise 10: 8 + m?

Exercise 11: 8 — m®

Exercise 12: %X3 — 125y
Exercise 13: 27x° + %W

: 9746 9
Exercise 14: 27x° + 15V

; . 12y _ _1 .»
Exercise 15: 216x*%y 516 z

; . 12,18 , 125 .
Exercise 16: 216x*°y*° + 216 2

Some Further Practice Exercises
Exercise 1: 8x° — y3

Exercise 2: 8x° + 125y3

Exercise 3: a* — b*

Exercise 4: a* + 16b?

Exercise 5: %ae —8h®

Exercise 6: 2ax® — 16a%y®
Exercise 7: 2% — b®
Exercise 8: 2% + b®
Exercise 9: 64a'? + b

= Document: 8. Factorizing Quadratics

Summary 8. Factorizing Quadratics
Worksheet 8. Factorizing Quadratics

Movie Ei‘ 8. Factorizing Quadratics

Introduction
More General Quadratics

Exercises on Guessing the Factors

Exercise 1: 64a'? + b

Exercise 2: 6x?> — 5x — 6

Exercise 3: 6x¢ — 5x3y® — 6y*0

Exercise 4: 6U% — 7abu + 2a2b?

Exercise 5: —6x° — 35X + 6

Exercise 6: 12x? + 6x — 90

A Systematic Approach to Factorization of Quadratics (See the movie for exercises on this topic.)
Optional Appendix on Use of the Computer Algebra System in Scientific Notebook or Scientific Workplace

E Document: 9. Assorted Exercises on Factorization

Summary 9. Assorted Exercises on Factorization
Worksheet 9. Assorted Exercises on Factorization

Movie E} 9. Assorted Exercises on Factorization

The starting number of this set of exercises is 13 because these exercises are to be seen as a continuation of the exercises in movie titled
Factorizing Quadratics.

Exercise 13: X* — 16
Exercise 14: 9a2 — 25x%y*
Exercise 15: 16x'6 — y?

Exercise 16: 32x*6 — 2y?
e 17: X2 _ A2
Exercise 17: 75 3

Exercise 18: 4x2 — 9(2x — y)?
Exercise 19 4x% — (2x —y)?
Exercise 20: (5x — 7)% — (x - 5)



Exercise 21: 9(X — y)? — 4(x +y)?

Exercise 22: 4(a + 3b)% — 9(3b + 2¢)?

Exercise 23: (3a + b)? — 5b(3a + b) — 6b?
Exercise 24: 15x2 + 2x(x + 4y) — (2x + 5y)?
Exercise 25: (2X2 + 7X) — 3(2x2 + 7x) — 54
Exercise 26: (2X2 + X) — 4(2x2 + X) + 3
Exercise 27: (a2 + 3ab)? — 2b2(a? + 3ab) — 8b*
Exercise 28: 24 — 10(3x2 — 5X) — (3x2 — 5x)?
Exercise 29: 3a* + 2a2(2ab + b?) — (2ab + b?)?
Exercise 30: 12x* — 8x2(y? — xy) + (y2 — xy)*
Exercise 31: (a + b)? — 4(a? — b?) — 12(a — b)?
Exercise 32: a% + 8

Exercise 33: 8x° + 125y°

Exercise 34: 64 — 27a°h®

Exercise 35: 27a° — 8b?®

Exercise 36: 27a° + 8b*®

Exercise 37: a° — %
Exercise 38: X° — 6—‘31
X

Exercise 39: 24x* + 81xy?

Exercise 40: 54c* — 128c

Exercise 41: (a +b)® + ¢3

Exercise 42: 2% — (b — ¢)*

Exercise 43: (x — 2y)°% — y3

Exercise 44: (1 +y)* — (1 —y)?

Exercise 45: (2a + b)® — (a — 2b)°®

Exercise 46 (2x —y)® — (x + 3y)*

Exercise 47: (X2 + X)° — 8

Exercise 48: (2a—b)x+ (b —2a)y+2a-b

= Document: 10. Sixty More Exercises on Factorization

Summary 10. Sixty More Exercises on Factorization
Worksheet 10. Sixty More Exercises on Factorization

Movie % 10. Sixty More Exercises on Factorization

Exercise 1: mx + 9py — 3my — 3px

Exercise 2: 2a’°m? — 2n%b? + 4an? — m?b?
Exercise 3: 4a® + 25b? — 36¢? — 20ab

Exercise 4: b? — 25 + 4ab + 4a?

Exercise 5: 24ab — 9a% + 1 — 16b?

Exercise 6: 4x? + 4yz — 7% — 4y?

Exercise 7: X* + 12X — 4x? — 9

Exercise 8: 2> — b? + ¢? — d? — 2(ac + bd)
Exercise 9: 4a% — 9¢? + 12ab — 16 + 9b? — 24c
Exercise 10: 4a® — 24cd — 4ab — 9¢? — 16d? + b?
Exercise 11: 6¢d — 20ab — d? + 4a? — 9¢? + 25b?
Exercise 12: 4x(x + 1) — (2y+ 1)(2y — 1)
Exercise 13: b(b - 2) — (a+1)(a—1)

Exercise 14: (3a + 2b)(3a — 2b) — 4c(3a —c¢)
Exercise 15: (X + 1)(X = 1) —y(y + 2)

Exercise 16: b?(a® —4) —4(ab - 1)

Exercise 17: (X2 + 1)(x? — 1) = x?(2x — 1)
Exercise 18: (ax + by)(ax — by) + 2by — 1
Exercise 19: 2x° + x? — 8a2x — 4a?

Exercise 20: 8 — 4a — 2a% + a®

Exercise 21: 8 — 4a — 2a% + a®

Exercise 22: a° — a®b? + a%bh® — b®

Exercise 23: 4 — 9x? — 4x3 + 9x°



Exercise 24: 4x° — 9x® — 32x? + 72
Exercise 25: X* + x2y? +y*

Exercise 26: X* — 7x2y? + y*

Exercise 27: 4x* + y*

Exercise 28: (X2 — 5X + 6)° — 2X(X2 — 5X + 6)
Exercise 29: (b —c)(@®> + 1) — (b —c)2a
Exercise 30: (X — 2)(2x + 5)? — (x — 2)?
Exercise 31: 2% — b® — (x> —ab)(a—h)
Exercise 32: a(a? — b?) — 2b%(a—b)
Exercise 33:a° — 1 +3(a%? - 1)

Exercise 34:a° —ab —3a+2b + 2
Exercise 35: X% + 3Xy + 7X + 6y + 10
Exercise 36: 6x° — 2Xy — 5X + 3y — 6
Exercise 37:a% +2ab +b?+a+b
Exercise 38: a° — 4ab + 4b? — 3a + 6b
Exercise 39: 6a% — bc — 2b? — 2ac — ab
Exercise 40: 2X? — 3Xy — 2xz — 9y? + 6yz
Exercise 41: 3x% — 5xy + 2y? + X%y — xy?
Exercise 42: 1 + X — 2x? — x% + x4
Exercise 43: X* — 2X° + 3X? — 4x + 2
Exercise 44:2° +a—b% + b

Exercise 45: 4x? — 9y? — 2X + 3y
Exercise 46: 4a° — 6ac — 9bc — 9b?
Exercise 47:a° +a +b + b®

Exercise 48: 8x° —y3 — 2x +y

Exercise 49: 2x° — 3x? — 3X + 2

Exercise 50: 3x° + 7x? — 14x — 24

Exercise 51: X3 + X — % - %
X

Exercise 52: u(U—2) —v(vV+2)

Exercise 53: 4a%(3b + 1) — 9b?(2a + 1)

Exercise 54: (2X — y)y? — (2y — X)x?

Exercise 55: X> + Y2 — 2(Xy + Yz — Xz)

Exercise 56: ac(b? + 1) — b(a? + ¢?)

Exercise 57: (a—1)(a—2) — (a—3)(a+ 20)
Exercise 58: a(b + c)(b—c¢) + bc(a+1)(a—1)
Exercise 59: a(bx? — axy — ay) + b(bxy — ay? + ax)
Exercise 60: 1 — 3(1 — 2x) + 3(1 — 2x)(1 - 3x)

= Document: 11. An Optional Special Topic on Factorization

Summary 11. An Optional Special Topic on Factorization
Worksheet 11. An Optional Special Topic on Factorization

Movie E" 11. An Optional Special Topic on Factorization

Exercise 1: 1 + a® + b® — 3ab
Exercise 2: 1 + 8a° + b® — 6ab
Exercise 3: a2 — 27 — 8b® — 18ab

Exercise 4: 64 + %3 +27b% — 18ab

Exercise 5: X3 + 2 + 4 — 332 ¥4 x

Exercise 6: X° + 3 + 9 — 9x

Exercise 7: X° 4+ 5 + 25 — 15x

Exercise 8: X° + 42 — 18x

Exercise 9: 8x° + 36x* — 27x° + 8

Exercise 10: (a — b)® + (a+ b)® + 8 — 6a? + 6b?

Exercise 11: (U + 2v)° + (3u — Vv)* + 8 — 18u2 — 30uv + 12v?
Exercise 12: a® + b® + ¢® + d® — 3abc — 3abd — 3acd — 3bcd
Exercise 13: 8 + 27u® + v® —w?® — 18uv + 18uw + 6vw + uvw
Exercise 14: a® + b® + ¢® + 1 — 3abc — 3ab — 3ac — 3bc
Exercise 15: 8% + b® + 8 + 1 — 6ab — 3ab — 6a — 6b



Exercise 16: 23 + b3 + 2+ 4 — 332 ab — 334 ab — 6a— 6b
Exercise 17: a3 + b3 + 2+ 4 - 332 ab - 334 ab — 6a— 6b

& 12. Algebraic Fractions

Summary 12. Algebraic Fractions
Worksheet 12. Algebraic Fractions

Movie Eﬁ-} 12. Algebraic Fractions

371
Y207

2+ =

Exercise

Exercise 2:

Exercise 3:

Exercise 4:

Exercise 5:

Exercise 6:

Exercise 7:

Exercise 8: — v
X2 —y?

Exercise 9: %

6x% — 6y? — 5xy

8x3 — 27y?
a-3 a-4
a-4 a-3
N §
a-3 a-4
x3 — 3x2y —y® + 3y2x

X=y

a* —b*
a® —b® +ab? —ba?
x3-125  _3x*—4x—-4 X+3

Exercise 10:

Exercise 11:

Exercise 12:

Exercise 13:

E ise 14:
XIS L T T —6 ~ 3x? —13x—10 « x2+5x+ 25
x> -—5x—12
o | _4x2+13x+10 (32X3—50X)
E 15:
xercise 122+ x—20 x% - 27
3x2 + 9x + 27
((a-b)z—c2><a2—(b—c)2)
ab-a?-ac - ’
Exercise 16: 2 @-p+o)
bro) -a®
(a+c)? b2
‘.o 3 1
Exercise 17: X‘]L_l + x13 ;
Exercise 18: X—2 xX+4 + (X+4)2
. 5 1
Exercise 19: + -
3x—1)7  9(x-1) 9(x+2)
. X+2 3x+1 _ bx +2
BXerese 2 X~ )(x+3) | X-Dx-2)  (@X-Dx+3)(x-2)
o1 3 2 9
Exercise 21: = — o+ 9_x2
weop d+2x __2x _ _ 8®
Exercise 22: 1+ 2% + 4x2 2X2—1 1-8x3
Eorsice 23: XL 4 o X1 X2—1 TX3—Tx24+2x-2
xercise 23: -5+ (x+2 T rax—-2 (22 +3x - 2)(x + 2)

10



- . a _ _a+x X _ X+a
ExerC|se24.(a+X a+3x><x+a x—a>

_ _2ab
2 2
Exercise 25: a‘+b
xercise 25 PERE 3ab
a-b
2 2 2 2
Exercise 26: (% - a2+ab (a ;inb;bb - aibeﬁ)atb )
) ) X+Yy X—-Yy Zy2 ¥
ExerC|se27.(2(X_y) T 2x+y) + yZ—X2)<l+ x)

[ a_ b 2ab _(-2b )?
Exer0|3828.<a+b b—a+a27b2><l a+b )
1 1
XS*X7373(X77>
1

Exercise 29:

X=%
Exercise 30: 22— (z —o)? T2 (2 —¢)?
Exercise 31: @ P%;(?i ) + ® fii:i b) + © 732)7(6:27 c)
Exercise 32: @ _215)1(—2;_ 5 _82(:)z31_) 2a)  (2a —2?_)7(3— a)
Exercise 33: ﬁ 1 i b

= 13. Division of Polynomials

Summary 13. Division of Polynomials
Movie Ei‘ 13. Division of Polynomials

& 14. Solving Linear Equations

Summary 14. Solving Linear Equations
Worksheet 14. Solving Linear Equations

Movie Ei‘ 14. Solving Linear Equations

Introducing Linear Equations

Some Exercises on Linear Equations
Exercise 1: 3X — 2 = 5(x + 4)

Exercise 2: (X —3)(x+ 1) l: X=5)(x+2)

e 2X+3  x—1 _

Exercise 3: ‘21 31 1

Exercise 4: T-x = X+2

Exercise 5:a(x— 1) + b(2x+1)+c =0
PO - ol o

Exercise 6: C = 1+ab

Exercise 7

Exercise 8

The Relationship Between Speed, Distance, and Time

Exercise 9

Exercise 10

Exercise 11

Exercise 12

& 15. Using Factors to Solve Equations

Summary 15. Using Factors to Solve Equations
Worksheet 15. Using Factors to Solve Equations

Movie Ei‘ 15. Using Factors to Solve Equations Free Demo Movie

Exercise 1: (2x — 6)*(x—2)"7 = 0

Exercise 2: 2X> + 5x — 12 = 0

Exercise 3: 7X — 3 — 2x? = 0

Exercise 4: (2x —7)> = 0

Exercise 5: X(X + 3) = 10

Exercise 6: (2Xx—1)(x—1) =6

Exercise 7: (X2 — X — 6)3(3x2 — 13x — 10)™® = 0

11



Exercise 8: 2x° —3x?> = 2x+3 =0
Exercise 9: X% — 13x%> + 36 = 0
Exercise 10; x* —5x2—-36 = 0
Exercise 11: (X +4)(x —1) = 6

= 16. Solving Square-Complete Quadratic Equations

Summary 16. Solving Square-Complete Quadratic Equations
Worksheet 16. Solving Square-Complete Quadratic Equations

Movie E} 16. Solving Square-Complete Quadratic Equations

Linear, Quadatic, and Cubic Equations

Quadratic Equations that Are Square Complete

Examples of Square-Complete Quadratic Equations

Example 1: X =9 = 0

Example 2: x> -7 =0

Example 3:3x? —5 = 0

Example 4: x> +9 =0

Example 5: (X — 3)2 =16

Example 6: (2x —5)? -8 = 0

Exercises on the Solution of Quadratic Equations That Are in Square Complete Form

Exercise 1: (x —1)? = 1
ise2 (x+3) = 4

Exercise 2: (X + 3 =75

Exercise 3: (X + 2)2 =6
2\2
e (v AN _

Exercise 5: (X 7 )

2
Exercise 6 (XZ — 12—3> = %

ise 4: A
Exercise 4: ( 3
0

Exercise 7: (x + 1)* = -9
Exercise 8: (x2 — 2)% = 49
Exercise 9: (x2 — 2)% = 48
Exercise 10: (x? — 3x — 4)% = 36
Exercise 11: (X — 2)2 =9(2x + 3)2
Exercise 12: (x — 2)? = —4(x — 3)?
Exercise 13: (L - 5)2 =9
“\x-3

Exercise 14: <x + %)2 =4

2
Exercise 15: ( X—2 =16
X+3

& 17. Solving Quadratic Equations

Summary 17. Solving Quadratic Equations
Worksheet 17. Solving Quadratic Equations

Movie E} 17. Solving Quadratic Equations

Strategy for Solving Quadratic Equations

Review of the Solution of a Square Complete Equation

Exercises on Completing the Square: Getting Rid of the Middle Term
Exercise 1: X —4x -2 = 0

Exercise 2: X? + 6Xx + 6 = 0

Exercise 3: x> —=3x—1 =0

Exercise 4: X2 +3x+1 =0

Exercise 5: 3x? + 6X — 2
Exercise 6: 2x? + 3x — 1
Exercise 7: 2X? + 3X + 2
Exercise 8: 3x* —5x — 1
Exercise 9: X — 6x+8 = 0

Exercise 10: X + 6x+9 = 0

Exercise 11: X2 — 6x + 10 = 0

Exercise 12: X* + 10x? + 14 = 0

Exercise 13: X® —3x? = 3x = 0

Exercise 14: (X +X)* —8(x2 +X) +12 = 0
Exercise 15: (2x2 — 5X)? — (2x2 —=5X) =6 = 0

[ I
cooo
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Exercise 16: X + % =4

e 17: 202 —x) = — L 4 T
Exercise 17: 2(X* — X) 2 _x t3

o1 X2=5X . 5 4 _
Exercise 18: ==+ 3+ —5— ¢ 0

= 18. The Formula for Solving Quadratic Equations

Summary 18. The Formula for Solving Quadratic Equations
Worksheet 18. The Formula for Solving Quadratic Equations

Movie E} 18. The Formula for Solving Quadratic Equations

Statement of the Quadratic Formula

Deriving the Quadratic Formula

The Discriminant of a Quadratic

Summary of the Preceding Remarks

Some Examples to Illustrate Use of the Quadratic Formula
Example 1: 3x*> - 5x + 1 = 0

Example 2: 12x*> — 17x+6 = 0

Example 3: 12x%> —17x+6 = 0

= 19. Exercises on the Quadratic Formula

Summary 19. Exercises on the Quadratic Formula
Worksheet 19. Exercises on the Quadratic Formula

Movie Ei‘ 19. Exercises on the Quadratic Formula

A Non-Exercise on the Quadratic Formula

Some Exercises on the Quadratic Formula
Exercise 1: X> —ax+9 = 0

Exercise 2: X2 + 12x+a =0

Exercise 3: X> — (M+1)x+m?-1=0

Exercise 4: (a+b)x? — (a+2b)x—-2a =0
Exercise 5: (a+ b +c)x* —2(@a+b)x+a+b-c=0
Exercise 6: (2% — 4bc)x? + 4(b+c)x—4 =0

Exercise 7: X —ax —bx—ab+a?+h?2 =0

Exercise 8: X —ax —bx—cx—ab—bc—ac+a?+b?+c? =0
Exercise 9: at?> + bt —ax? —bx —mt+mx = 0
Exercise 10: ax*> + bx +c—mx+mp—q =0

H 20. Solving Fractional Equations

Summary 20. Solving Fractional Equations
Worksheet 20. Solving Fractional Equations

Movie Ei‘ 20. Solving Fractional Equations

Exercise 1: x+3 + x=3 _ 5

X—3 Xx+3 2

Exercise 2: 3 + 6 _ 7

1-u 1+u u-2
ey 4-Uu _ _u
Exercise 3: 22 T u=-2 +2
4 U3 _ _u+4
Exercise 4: w_1 2(u+1)
Exercise 5: 2 x+l - 1-X

5x-2) | 4-xZ  x+2
ap 1 - 9 3 1-3x
Exercise 6: 1 = X+ 5 + = + *—2)(x+5)
7.3 _ o 2x  _ _ S(x+2)
Exercise 7: 1 X—2 *13)x-2)

x+3
& 21. Solving Equations that Contain Radicals

Summary 21. Solving Equations that Contain Radicals
Worksheet 21. Solving Equations that Contain Radicals

Movie Ei‘ 21. Solving Equations that Contain Radicals
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Exercise 1: X = 2
Exercise 2: X —2 =0
Exercise 3: /X +6 = X

Exercise 4: ¥x? —6x+20 =3

Exercise 5: [¥X +4 =3

Exercise 6: IX° +4x% +2x+1 =x+1
Exercise 7:x—3/X +2 =0

Exercise 8: /X —4 +X = 16

Exercise 9: /X —2 + 43x—1 = /5
Exercise 10: /X +4 = Jx—7 —1
Exercise 11: /X — 7 = Jx+4 —1
Exercise 12: X — /X + 7 = —1

Exercise 13: Jx> —x—-5 =1
Exercise 14: IXx° + x> —3x+9 =x+1
Exercise 15: /X +6 + /2x+5 =3
Exercise 16: /X + 1 + /X +6 = J/x+22

Exercise 17: X +Jx—-2 =5
X—2

1 1
+ =
22X+ Jx2 -1 2x— x> -1
Exercise 19: (X — 3)? +5=6¥x-3

& 22. Systems of Equations

Exercise 18: 1

Summary 22. Systems of Equations
Worksheet 22. Systems of Equations

Movie Ei‘ 22. Systems of Equations

Linear Systems of Equations

Exercise 1: X —y = 2and 2X +y = 7

Exercise 2: 2X+Yy = 7and 3x —4y = -5

Exercise 3: 3X + 2y —4z = —12and 2x — 3y — 2z = —land 5X + 4y — 22 = -2
Exercise 4:X — 2y + 3z = 2and2X — 3y + 4z = S5andXx -y +z = 3
Exercise 5: X — 2y + 3z = 2and 2X — 3y + 4z = S5andXx -y +z =4
Linear-Quadratic Systems of Equations
Exercise 1: X — Y +2 = 4andx? +y? = 25

Exercise 2: X —y = 2and X? —xy —y? = 4

Exercise 3: 2X —y = 3and X? — xy + 2y? = 4

Exercise 4: 2X — 3y = 2and 2x? — 5xy + 4y%> = 8
Exercise 5: 2X + 3y = 5and 2x? + xy —x—y = 1
Exercise 6: 3X — 2y —2 = OandX?> —4y + 3x = 5
Exercise 7: X* +y? —X—y = 6and x> + y? + x+ 3y = 0
Exercise 8: X? +y? —2X+Yy = land 5x? + 5y> —6x + 7y = 5
Exercise 9: X2 + Y2 + 2X+ 7y + 16 = OandX? +y? —4x -2y +1 =0
Additional Exercises on Linear-Quadratic Systems
Exercise 1: Y = mX + (andy = ax? + bx + ¢

Exercise 2: y = at? + bt + c+m(x —t)andy = ax® + bx + ¢
Exercise 3:X° +y? = r’and y = mx +b

Exercise 4:X? +y? = r?and y = mx +b

= 23.Introduction to Inequalities

Summary 23. Introduction to Inequalities

Movie Ei‘ 23. Introduction to Inequalities

Exercise 4

Adding Smaller Numbers gives Less than Adding Larger Numbers
The Equivalence of the Statements @ < band-a > —b
Inequalities and Subtraction

Multiplying Positive Numbers and Multiplying Negative Numbers
Multiplying Both Sides of an Inequality by a Positive Number
Comparing Positive Numbers and their Squares

Multiplying Both Sides of an Inequality by a Negative Number

14



Distance Between Numbers and Absolute Value
Absolute Value and Square Roots

Absolute Value of a Product

Absolute Value of a Sum

= 24. Exercises on Linear Inequalities

Summary 24. Exercises on Linear Inequalities
Worksheet 24. Exercises on Linear Inequalities

Movie

E} 24. Exercises on Linear Inequalities

1. Simple Linear Inequalities
Exercise 1a: 3x + 2 < 17
Exercise 1b: —3x + 2 < 17
Exercise 1c: 3|x| + 2 < 17
Exercise 1d: [x — 3| < 7
Exercise le: [x — 1| < -2
Exercise 1f: [X + 2| > -2
Exercise 1g: [X + 2| > 2
Exercise 1h: 3 < [x + 1| <7

2. More Difficult Linear Inequalities
Exercise 2a: [X — 1| < |[x = 5|
Exercise 2b: [x — 1| < 2|x — 5|
Exercise 2¢: [2X — 3| < |6 — X|
Exercise 2d: [x — 1| < 2]x = 5]+ [x — 2|
Exercise 2e: [Xx — 1| < 2)x = 5[ — [x — 2|
Exercise 2f: |[x| — 5] < [x — 6]
Exercise 2g: ||X| — 5] < 2|x — 6|
Exercise 2h: ||x| — 5| < ||x| — 6|
Exercise 3: [X — Y| < |X| + |y|
Exercise 4: [[x| — |y|| < [x -]

& 25. Exercises on Nonlinear Inequalities

Summary 25. Exercises on Nonlinear Inequalities

Worksheet 25. Exercises on Nonlinear Inequalities

Movie

E} 25. Exercises on Nonlinear Inequalities

Exercise 1: (X —1)(2 - x)(x+3) <0
Exercise 2: % >0

Exercise 3:

x=D(x=3)"

(x=2)(x=5) ~

2 _ —

(x 4XX+,51)(X 2) <0
b1,

x-1)(x-2) ~

Exercise 7: i_g >1

Exercise 4:

Exercise 5:

Exercise 6:

+1 —
g 3 2
Exercise 8: ) 2 3%
Exercise 9: 1 21 16 9

2 bZ

Exercise 10: ab < &— + 2~
Xercise ) 2
c _._a b

Exercise 11: +
l+c l+a 1+b

= 26. Solving Cubic Equations

Summary 26. Solving Cubic Equations

Movie

Ei‘ 26. Solving Cubic Equations
Preamble

Making of the Coefficient of x° to be Equal to 1
Getting Rid of the Term in X

15
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Finding the Numbers pand g
The Case 4a° + 27a% > 0
The Case 4a° + 27a% = 0
The Case 4a° + 27a% < 0

E The Algebra of Exponents Group

E 1. Introduction to Positive Integer Exponents

Summary 1. Introduction to Positive Integer Exponents

Movie E{-j 1. Introduction to Positive Integer Exponents

Introducing the Notation of Exponents
The Laws of Positive Integer Exponents
The Law (a™)(a") = a™"
m
The Law 3—“ =am"
The Law (a™)" = a™
The Law a"b" = (ab)"

n n

The Law & = <@>
b" b

The Expression a™h"

= 2. Exercises on Positive Integer Exponents

Summary 2. Exercises on Positive Integer Exponents
Worksheet 2. Exercises on Positive Integer Exponents

Movie EJ;) 2. Exercises on Positive Integer Exponents

Exercise 1: x°x*
Exercise 2: x°y*

. . an
Exercise 3: F

Exercise 4: (3x?)(2x%)
Exercise 5: (xy?)(x%y*)
Exercise 6: (xy?)*

Exercise 7: (4x%)?

(3a4)°

(9a2)*

Exercise 9: 52 — 32

Exercise 10: 52 — (—3)°
Exercise 11: 52 + 32
Exercise 12: (5 — 3)Z
Exercise 13: (5 + 3)Z
Exercise 14: (2(-3x%))?
Exercise 15: (2(—3x%))?
Exercise 16: (—2(—3x%))?
Exercise 17: ((=2)(=3x3))?
Exercise 18: (—x2y?)*
Exercise 19: <(—X)2y3> °
Exercise 20: (@™)" = (a™)™

Exercise 8:

= 3. Introduction to More General Exponents

Summary 3. Introduction to More General Exponents

Movie E‘ 3. Introduction to More General Exponents

A Quick Review of Positive Integer Exponents
An Introduction to More General Exponents
The Expression a°

The Relationship Between a* and a™*

The Expression a'/*

The Expression 1*

The Expression 0% for X > 0

The Expression 0° is Undefined

16



& 4. Working with the Rules for Exponents

Summary 4. Working with the Rules for Exponents

Movie E} 4. Working with the Rules for Exponents
Xb b
Example 1: b gc
. a*
Example 2: 2C C
-3 2
Example 3: % = 33
-x \ P px
Example 4: g*y ) = gpy
Example 5:2%" = j/a°
Example 6: 237 = %
(Ja)

& 5. Exercises on General Integer Exponents

Summary 5. Exercises on General Integer Exponents
Worksheet 5. Exercises on General Integer Exponents

Movie Ei‘ 5. Exercises on General Integer Exponents

Exercise 1: 27°
Exercise 2: (372)(28%)
Exercise 3: a*h?
a-4h-5
a®h~’
-3

Exercise 5: (i) (a%h™)

_ -4\ 2
Exercise 6: ((%) )
(a%h2c0)™

(ab=3¢2)?

20-4\3 a-32n-4\2 \ 2
ExerciseB:((abc ) (@7b%c™) )

Exercise 4:

Exercise 7:

(a*h5c6)?
Exercise 9: (a1 + b1)™

= 2 N )
Exercise 10: <7an +a”) (%)
i : o 7m><a”fa’”) (amfa’m><a”+a—n>
Exercise 11: ( a +a . S

X71y71 X71y71
-1 -1 + -1 -1
y L —x yL+x

Exercise 12:

= 6. Exercises on Fractional Exponents

Summary 6. Exercises on Fractional Exponents
Worksheet 6. Exercises on Fractional Exponents

Movie E} 6. Exercises on Fractional Exponents

Exercise 1: 32%°
Exercise 2: (—32)
Exercise 3: (—32)
Exercise 4: —32%°
Exercise 5: (—32) "
8a3h® )
27x?7

(
Xercise 12

2
Jabp3co
Exercise 8:
5/a1°b 5025

3/5
415

415
413

Exercise 6: (
-3/4

17



20345/12
Exercise 9: 3731/4
()

(Ja7=b7 )(a+b)™”
(a _ b)73/2

Exercise 11: <m> (ﬁ)

Exercise 12: /412 — 402

Exercise 13: 31722 — 1712
Exercise 14: <5ﬁ + 2ﬁ>(5ﬁ - 2ﬁ)
Exercise 15 <§f - ﬁ)(%@ + 36 + ﬁ)

Exercise 16: (a¥® — b'%)(a?® + a®b® + h?3)
Exercise 17: (a5 — b¥5) (a5 + a¥5hUs 4 a25p2s 1 qUsh35 4 h4i5)

Exercise 18
S3-2

Exercise 10:

Exercise 18a:

Exercise 18b:
Exercise 19

Exercise 19a; ——

Exercise 19b:

Exercise 19c:

Exercise 19d: ———
NS
Exercise 20: 2 9(6 )" - x2/3(%>(6 _x)8

X6 - 10% — (4 - x) (Fx 26 - 0" - Zx1B(6-0)")
Exercise 21:

X2/3(6 _ X)4/3
Exercise 22: t = X

. 23 _ g2
Exercise 22a: PCTCRRT
e —x
Exercise 22b: 15— X%
TR _y13
. 513 _ 53
Exercise 22¢: ——"5+
23 _ y2I3
. 51T _ x5
Exercise 22d: ————
t—X
Exercise 23: (2¥) ¥ = a

i : ax - ( a )X
Exercise 24: - = | +— | .
b* b

E The Algebra of Logarithms Group
= 1. Introduction to Logarithms

Summary 1. Introduction to Logarithms

Movie ?&‘ 1. Introduction to Logarithms

Exponential Graphs

Introducing the Definition of a Logarithm
Some Examples of Logarithms
Example 1: l0g,8

Example 2: log;1

Example 3: log,w

Example 4: log y

Example 5: 109, (—4)

Example 6: |0g3<%> =-2
Example 7: Can we have the logarithm of a negative number?

18



Example 8: l0g,8
. 1
Example 9: 100 55 | —=
4

= 2. Elementary Facts About Logarithms

Summary 2. Elementary Facts About Logarithms

Movie Ei‘ 2. Elementary Facts About Logarithms

Review of the Definition of a Logarithm

Some Elementary Exercises on Logarithms
Exercise 1: 100,432

ien 0 1
Exercise 2: 109 35 %/Z)
Exercise 3: 100,,a .
Exercise 4: Ioga<5>
Exercise 5: 109, (aP)
Exercise 6: a(!%9a%)

Exercise 7: 09,1

& 3. The Laws of Logarithms

Summary 3. The Laws of Logarithms

Movie Ei‘ 3. The Laws of Logarithms

Preliminary Note

Logarithm of a Product

Logarithm of a Quotient

Logarithm of One Number to the Power of Another

= 4. Exercises on the Laws of Logarithms

Summary 4. Exercises on the Laws of Logarithms
Worksheet 4. Exercises on the Laws of Logarithms

Movie E} 4. Exercises on the Laws of Logarithms
Exercise 1

Exercise 1a: l0g,8
Exercise 1b: 109 ;516

Exercise 1c: 100 337 1
{16

Exercise 2: 10g,x = 2and log,y = 3
Exercise 2a: l0g, (xy)

Exercise 2b: log, (%

Exercise 2c: IOga<‘3ﬁ W)

Exercise 2d: IOga<x'09a(V3)>
Exercise 3:100,,2 = Uand log,,3 = v
Exercise 3a: 10g,,8
Exercise 3b: 10g,,(0.75)
Exercise 3c: 109,43
Exercise 3d: 1095
Exercise 4: 109,,3 = u
Exercise 5: 1004,3 = u
Exercise 6: 100,(-3)
Exercise 7
Exercise 7a: [0g,(x —=3) = 3
Exercise 7b: 100, (X +6) = 2
Exercise 7c: l0g,(x — 3) — log,(x - 5) = 1
Exercise 7d: l0g,(x — 3) — log,(x - 5) = -1
Exercise 7e: [0g,(6x + 1) + log,(x +2) = 1
Exercise 7f: [0g , , (25x* — 10x + 1) = 2

Exercise 7g: 109, (X +4) + 2log,(x = 3) = log,(x - 2) = 2
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Exercise 8:

Exercise 8a: 10g,,1000
Exercise 8b: 109,3

Exercise 8¢: 100,,2
Exercise 8d: 100 37 (,7/64 )

Exercise 8e: |0 1
oo\ 2y10 )

Exercise 8f; 107 ,,250
= 5. Changing Base

Summary 5. Changing Base
Worksheet 5. Changing Base

Movie Ei‘ 5. Changing Base

Changing the Base of an Exponential Expression

The General Case of Changing Base of an Exponential Expression
Changing the Base of a Logarithm

The General Case of Changing Base of a Logarithm

Some Exercises on Changing Base
Exercise 1: l0g,a =

log,b
Exercise 2: 100,29

Exercise 3: [0g ,p)X = % log,x
log,,5

Exercise 4: 109,5 = 00,7

= 6. Graphs of Logarithms

Summary 6. Graphs of Logarithms

Movie E} 6. Graphs of Logarithms

The Purpose of This Movie
Exploring a Logarithmic Graph
The Graphy = log,xwhen0 < a < 1

E Overview of the Library on Functions, Graphs, and Trigonometry

E The Introduction to Analytic Geometry Group
= 1. Graphing with a Computer Algebra System

Summary 1. Graphing with a Computer Algebra System
Worksheet 1. Graphing with a Computer Algebra System

Movie Ei‘ 1. Graphing with a Computer Algebra System

Cartesian Coordinates in the Plane

Rectangular 2D Graphs

Exercises on Rectangular 2D Graphs
Exercise 1:y = X3 — x?

Exercise 2:y = x2(1 —x)?

Exercise 3:y = (gﬁ)213/6 -X

Exercise 41y = Xsin 1

X
Exercise 5:y = SinX + sin %x
More General Graphs of Equations: Implicit 2D Graphs

Exercises on Implicit 2D Graphs
Exercise 1: X°y —y2 +xy® = 5

Exercise 2: X2 — 3Xy + 4y? — 5x* — 20y* — 14x8 + 16y° + 15xy® + 15x3y — 12xy° + 42x5%y — 25x2y? + 72x%y* — 51x%y® — 39x*y? = 0
Exercise 3: 4x4 — 5y? — 5x2 + 4y* + 17x?y> +1 =0
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Exercise 4: 6x? — 3xy + 9y? — 9x* — 24y* + 4x5 + 16y® + 15xy® + 15x3y — 12xy° — 12x5%y — 42x2y? + 72x%y*

Exercise 5: X5 +Yy% —3xy = 0

Exercise 6: X° +y° + 3xy? = 0

Exercise 7: X° +y° — 3x%y = 0

Exercise 8: Xy(x* — y?) = x? +y?
Exercise 9: X2y2(x? — y?) = X2 + y?
Exercise 10: X°y(x? +y?) = 100(x? — y?)
Exercise 11: X? —y? = 3

E 2. The Distance Formula

Summary 2. The Distance Formula
Worksheet 2. The Distance Formula

Movie

E} 2. The Distance Formula

Statement of the Distance Formula
Length of a Horizontal Line Segment
Length of a Vertical Line Segment
Length of a General Line Segment

Exercises on The Distance Formula
Exercise 1: AB
Exercise 1la: A = (1,2) and B = (9,17)
Exercise 1b: A = (—=2,0)and B = (3
Exercise 1c: A = (=3,5) and B = (-3, —9)
Exercise 2: 292 = (X—( 3)) +(21-1)2
Exercise 3: 2X +y — 2 =
Exercise 4
Exercise 5
Exercise 6
Exercise 7: Showing that a given triangle is a right triangle.
Exercise 8: Showing that a given triangle is a right triangle.
Exercise 9: Showing that a given triangle is a right triangle.
Exercise 10: AP + BP = 8

= 3. Slope of a Line Segment

Summary 3. Slope of a Line Segment
Worksheet 3. Slope of a Line Segment

Movie

Ei‘ 3. Slope of a Line Segment

Definition of Slope of a Line Segment

The Order of the Points Is Unimportant

The Concept of Slope Is not Defined for Vertical Line Segments
Horizontal Line Segments Have Zero Slopes

Rising Line Segments Have Positive Slopes

Falling Line Segments Have Negative Slopes

Some Elementary Exercises on Slope
Exercise 1: slope(AB)

Exercise 1la: A = (-1,2)and B = (2,8)
Exercise 1b: A = (—1,2)and B = (2,-6)
Exercise 1c: A = (—=1,2)and B = (3,2)
Exercise 1d: A = (-1,2)and B = (-1,5)
Exercise 2: slope(AB) = slope(CD)
Exercise 3: AB
Exercise 3a: slope(AB) = f%

Exercise 3b: slope(AB) = %

Exercise 4: slope(AP) = 2

Exercise 5: A = (2,-3), B = (4,3)and P = (X,y)
Exercise 5a: slope(AB) = slope(AP)
Exercise 5b: slope(AB) = slope(BP)

= 4. Properties of Slope

Summary 4. Properties of Slope
Worksheet 4. Properties of Slope

Movie

Ei‘ 4. Properties of Slope
When Line Segments Are Parallel to One Another

21
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The Case in Which AB and CD Rise from Left to Right
The Case in Which AB and CD Fall from Left to Right
Definition of Slope of a Line
When Lines are Perpendicular to One Another
More Exercises on Slope
Exercise 1: line segments AB and CD

More Exercises on Slope Exercise 1a: A = (-3,2),B = (-4,5),C = (2,4)and D =
More Exercises on Slope Exercise 1b: A = (-3,2),B = (—4,5),C = (2,4)and D =
More Exercises on Slope Exercise 1c: A = (-3,2),B = (-3,5),C = (2,4)and D =
More Exercises on Slope Exercise 1d: A = (-3,2),B = (-4,5),C = (2,4)and D =

Exercise 2: AABC
Exercise 3: AABP
Exercise 4: ABDC
Exercise 5: OACB
Exercise 6: OC and AB

& 5. Equation of aLine

Summary 5. Equation of aLine

Movie Ei‘ 5. Equation of a Line

Introduction to the Idea of Equation of a Line

Equation of a Vertical Line

Equation of a Horizontal Line

A Line Containing a Given Point, and with a Given Slope
A Line Containing Two Given Points

The Point-Slope Form of the Equation of a Line

The Two-Point Form of the Equation of a Line

The Slope-Intercept Form of the Equation of a Line

The Equationax + by + ¢ = 0

E 6. Exercises on Lines

Summary 6. Exercises on Lines
Worksheet 6. Exercises on Lines

Movie Ei‘ 6. Exercises on Lines

Some Exercises on Equations of Lines
Line Parallel to a Given Line

Line Perpendicular to a Given Line

Finding the Intersection of Two Lines

Dropping a Perpendicular from a Point to a Line

More Exercises on Lines
Exercise 1
Exercise 1a: slope(AP) = 2
Exercise 1b:y = 4
Exercise 1c: X = 2
Exercise 1d: slope(AB) = 3:75:2; =2
Exercise le: X = —13. .
Exercise 1f:y = §X + 3

Exercise 1g; %m =-1
Exercise 2: 2X + 3y = 7
Exercise 3: 3Xx — 4y = 6and 2x + 3y = 24
Exercise 4: P is the midpoint of AB and Q is the midpoint of AC.
Exercise 4a: points P and Q.
Exercise 4b: PQ is one half the length of BC
Exercise 5: PQRS is a parallelogram
Exercise 6: 3x —4y +5 = 0
Exercise 7:ax + by +¢c =0
Exercise 8: A = (X1,Y1), B = (X2,¥2),C = (X3,Y3)
Xo+X3 Y2+VY3
2 2
Exercise 8b: G = (Xl +)f32 tX3 Y1 +¥32 +Ys )

Exercise 8a: P = (

Exercise 8c: AABC

Exercise 9: G = (X1+)§2+X3 , y1+¥32+y3 )andH = (X1 + X2 + X3,Y1 + Y2 +Y3).

Exercise 9a: AH and BC are perpendicular to one another
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Exercise 9b: OG = %GH

= 7. Circle Graphs

Summary 7. Circle Graphs

Movie Ei‘ 7. Circle Graphs

Worksheet 7. Circle Graphs
Introduction to Circles
An Example of a Circle
General Form of the Equation of a Circle
The Domain Intervals of a Circle
Some Exercises on Circles
Exercise 1: (X —4)* + (y+3)? = 7
Exercise 2: (X — 2)2 +(y+ 5)2 =0
Exercise 3: (X — 2)% + (Y + 5)°
Exercise 4: (x — 2)* + (y—3)* = 16
Exercise 5: (X + 2)* + (y—3)* = 25
Exercise 6: (X —2)? + (y+ 1)% = 13
Exercise 7: X2 + (Y —6)* = 0
Exercise 8: X2 + (y — 6)% = —4
Exercise 9: (X — 2)% + (y— 1) <9
Exercise 10: (X — 2)% + (y—1)* < 9
Exercise 11: (x — 2)? + (y— 1) > 9
Exercise 12: (X — 2)% + (Y —4)? = 26.and (x + 1)® + (y - 2)? = 13
The Upper and Lower Halves of a Circle
More Exercises on Circles
Exercise 13: (X — 2)° + (y - 5)? = 4
Exercise 14: {(x,y) | 0 <x<4and %X <y<J25- X2}
Exercise 15: {(x,y) | 0<x<4and4 <x?>+y? < 25andy > %x}

Exercise 16: (X — 1)2 +(y— 2)2 =10
The Equation X? +y? +ax + by +c =0
Exercise 1: X° + y? + 4x — 10y —20 = 0
Exercise 2: X* +y? —3x+ 8y = 0
Exercise 3: X2 +y? —6x+4y —12 = 0
Exercise 3a: X2 — 6X +y? + 4y = 12
Exercise 3b: (X —3)° + (Y +2)° = —4+4+9
Exercise 3c: (X — 3)2 +(y+ 2)2 =-9+4+9
Exercise 3d: (X —3)° + (y+2)? = —12+4+9
Exercise 3e: (X —3)2 + (y+2)? = 17+ 4+9

Il
|
©

E The Course in Trigonometry Group
= 1. Angles in Geometry and in Trigonometry

Summary 1. Angles in Geometry and in Trigonometry
Worksheet 1. Angles in Geometry and in Trigonometry

Movie Ei‘ 1. Angles in Geometry and in Trigonometry

Angles in Geometry

Angles as Rotations

Initial Line and Terminal Line of an Angle

Angles Coterminal to Each Other

Angles Drawn in Standard Position

Radian Measure of An Angle

The Role of The Number 7 in Meaurement of Area of a Disk
The Role of The Number 7 in Meaurement of Length of a Circle
Definition of a Radian

The Area of a Circular Sector

The Length of a Circular Arc

Exercises on Circular Sectors
. . 2 i
Exercise 1: 7(16) ( 6 )

ien . 63360
Exercise 2: 207
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Exercise 3: X = 6

2r

i g 27K
Exercise 4: ==
15

& 2. Introduction to Trigonometry

Summary 2. Introduction to Trigonometry
Worksheet 2. Introduction to Trigonometry

Movie E{-j 2. Introduction to Trigonometry

The Names of the Trigonometric Functions

Right Triangles: The Historical Origins of Trigonometry
The Special Angle 45°

The Special Angles 60° and 30°

Exercises on Acute Angle Trigonometry

Exercise 1
Exercise la: % = c0s40°
Exercise 1b: % = sin40°
Exercise 1c: % = sin40°
Exercise 1d: % = tan40°
Exercise 1e: U T 1 _sindo

Exercise 1f: 4= 1 _ tan40°
2u—-5

Exercise 2: AABD
Exercise 3: % = tan43°
Exercise 4: /. ABC
The Transition to General Trigonometry
Drawing an Acute Angle in Standard Position
Defining the Trigonometric Functions at Any Angle
When the Terminal Line Has Length 1
Animated Demonstration of the Definition of cos and sin
The Trigonometric Functions Applied to Numbers
Example to Illustrate the Cosine of a Number
Another Example to lllustrate the Cosine of a Number
The Signs of the Trigonometric Functions
Some Exercises on the Trigonometric Functions
Exercise 1: Angles Coterminal to 0°
Exercise 2: Angles Coterminal to 90°
Exercise 3: Angles Coterminal to 180°
Exercise 4: Angles Coterminal to 270°
Exercise 5: line OP where P = (2,-3)
Exercise 6: line OP. Given that P lies in Quadrant I1, that P = (X, 8)
Exercise 7: line OP of length 7. Giventhat P = (2,y)
Exercise 8: line OP o;éltength 13
Exercise 9:SIN0 = o5
Exercise 10: 0 < 0 < 180° and tan0 = -3
The Pythagorean Relationship
Notation for the Square of a Trigonometric Function
Revisiting Exercises 8, 9, and 10 on the Trigonometric Functions
Revisiting Exercise 8: c0S0 = —%
Revisiting Exercise 9: 0520 + sin%0 = 1
Revisiting Exercise 10: 1 + tan?0 = sec?0
The Graphs of the Trigonometric Functions
The Graphs of Sin and cos
The Graph of tan
The Graph of cot
The Graph of sec
The Graph of csc
Application of Trigonometry to Musical Chords
The Distinction Between Noise and Music
Combining Two Musical Notes that are an Octave Apart
Playing a Discord
Combining Two Musical Notes that are a Fifth Apart
Combining Two Musical Notes that are a Fourth Apart
Combining Two Musical Notes that are a Major Third Apart
Combining Two Musical Notes that are a Minor Third Apart
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When Do Two Musical Notes Harmonize?
An Optional Extra for Registered Users of Scientific Notebook

= 3. Trigonometry in a General Triangle

Summary 3. Trigonometry in a General Triangle
Worksheet 3. Trigonometry in a General Triangle

Movie E} 3. Trigonometry in a General Triangle

The Objective of this Movie

Placing a Triangle into a Coordinate System
The Law of Cosines

Introducing Area of a Triangle

Area of a Parallelogram

Area of a Triangle Using Base and Height
Area of a Triangle Using Sides and Angles
The Law of Sines

Exercises on Finding the Sides of a Triangle
Exercise 1: Z. A = 60°
Exercise 2: /. A = 40°and /. C = 57°
Exercise 3: AABC
Exercise 4: /B = 45°
Exercise 5: /. B = 55°
Exercise 6: c0s /. Cand sin Z.C
Exercise 7: 2> = b? + ¢ — 2bccos L A
Exercise 8: /. B = 45°and /. C = 75°
Exercise 9: b?(a+c) = a® +¢8
Exercise 10: cos Z.C
Exercise 11: 52 = 72 + b? — (2)(7)bcos 33°
Exercise 12: /. A = 90° )

c

Exercise 13: = =

a =
sin90° sin /B sin/.C
Exercise 14: X1Xo + V1Yo = X3 +y§ /X3 +y3 cosO

Finding The Angles of A Triangle
The Cosine of an Angle in a Triangle
The Angle arccos0

The Angle arccos %

The Angle arccos (—%

1 1
The Angles arccos| —=— | and arccos| ——=—
(ﬁ ) ( V2 )

The Angles arccos (g ) and arccos (7§>

The Angles arccos(.37) and arccos(—. 37)
Finding an Angle in a Triangle when its Cosine Value is Known
Example of an Angle with a Known Cosine Value
The Sine of an Angle in a Triangle

The Angle arcsinl

The Angle arcsin %
The Angle arcsin 1

—

Finding an Angle in a Triangle when its Sine Value is Known

Exercises on Finding the Angles of a Triangle
Exercise 1: /. B

P _ 6
Exercise 2: sinb55° sin/.B
Exercise 3: S = 7

sin55° sin/B
Exercise 4: 2 = 32 + 172 — (2)(3)(17) cos 20°
10 _ 12

Bxercise 5 511160° ~ Sin/ B
n 12 643

Bxercise 8: 535/ B = Sin6o°

Exercise 7: 12 = 11

sin B sin60°
Exercise 8: (AB)? = (OA)? + (OB)? — cos . AOB
Exercise 9: (AB)? = (OA)? + (OB)? — 2(OA)(OB) cos /. AOB
Special Topic: Area of a Triangle in Terms of Coordinates
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An Algebraic Identity

A Link between the Geometry and the Algebra

A Special Case of the Area Formula

Area of a Triangle in Terms of Coordinates: The Main Result

& 4. Analytic Trigonometry in One Variable

Summary 4. Analytic Trigonometry in One Variable
Worksheet 4. Analytic Trigonometry in One Variable

Movie Ei} 4. Analytic Trigonometry in One Variable

Preliminary Remarks

A Word of Warning

A Story About Bertrand Russell

Summary of the Relationships Between the Trig Functions
The Method of Reducing to cos and sin Only

Exercises on Proving Trigonometric ldentities

: . Secx —Ccosx _ tanx
Exercise 1: Tanx = Secx
Exercise 2: 1+coso + sinf_ _ 2csco

sind 1+ cosé
Exercise 3: tan20 — sin%@ = tan?0sin?0
Exercise 4: 1 — tan*0 = 2sec?0 — sec*0
cos6

Exercise 5: ——=—=Y—— = cscH + 1
tan@(1 —sin@)
iemp. SECX+CSCX _ SINX+ COSX
Exercise 6: SECX—CSCX — sinx — cosx
Exercise 7: 1 +£SINX 175!“" = 4tanxsecx
1-sinx 1+sinx
. 1+csc
Exercise 8: lrosep cotp = cosp
secf
eag- _COSXCOtX _ cotX 4 cosx
Exercise 9. 0tx — cosx ~  COSXCOtX
Exercise 10: (secu — tanu)(cscu + 1) = cotu
Exercise 11: (csca — cota)? = 1-cosa
1+cosa
Exercise 12: 01O —1an0 _ o0 qocg
sind + coso

Exercise 13: CSC*X — COt*X = COt?X + CSC2X
Exercise 14: COS*X + sin?x = sin*x + cos?x
.Al+tan®0 , 1+cot?0 _ sind+cosd

Exercise 15
sing cosd sin%6 cos20
cos B
Exercise 16: ———— = sec f + tan
1-sing B B
; . _tan®x 1 —cosx
Exercise 17: =
secx + 1 COSX
Exercise 18: CSC%0 — CSCa COty = —L
1+cosa
Exercise 19: Sin*x + 25in?Xc0s2X + cos*x = 1
Exercise 20: (secX + tanx)? = 1+sinx
1-sinx
: . sinf + cosf c0s%0
Exercise 21: = —
tan20 — 1 sin@ — cos0
3y _ aind .
Exercise 22; COSX =SIN"X _ 1 4 sinxcosx
COSX — Sinx
6y _ cinb .
Exercise 23: w = C0s2X + sin*x
cos2x — sin?x

Exercise 24: sin®x + cos®x = 1 — 3sin?xcos2x
sin®u — cos®u

Exercise 25: =11 -+ = sinu + cos‘u
SIn“u — cos™u
: sin@ 1+ cosé
Exercise 26: = -
1-cosf sin@

. . |1=sin® _ 1-sind
Exercise 27: 11sing |cos@|
. . [1—cosf® _ 1-cos6
Exercise 28: 1+ cosh [sin6|
Exercise 29: | L=sinx _ _|cosx|
1+sinx  1+sinx

Exercise 30; COLX=(ANX _ ogpay  qpp2y
SINXCOSX
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tanx | _ cotx
1-cotx 1-tanx
Exercise 32: (1 — tan2a)? = sec’a — 4tan%a
cosx _, _ sinx
1-tanx =~ 1-cotx ]
Exercise 34: 100, %) = 2log3(%)
Exercise 35: 109, (1 + cosf) — log,(1 — cos@) = 2log,|csch + coth|

= 1+ secxcscx

Exercise 31:

Exercise 33: = COSX + Sinx

= 5. Analytic Trigonometry in Several Variables

Summary 5. Analytic Trigonometry in Several Variables
Worksheet 5. Analytic Trigonometry in Several Variables

Movie % 5. Analytic Trigonometry in Several Variables

Introduction
The Package of Four

Exercises on the Package of Four
Exercise 1: c0S 75° and sin 75°
Exercise 2: 5in 285°

Exercise 3: sin15°

Exercise 4: tan 105°

Exercise 5: c0s 255°

Exercise 6: tan 1095°

Exercise 7: c05(90° — 0) = sin®
Exercise 8: 5in(90° — 0) = cosd
Exercise 9: tan(90° — 0) = cotd
Exercise 10: cos(—0) = cos6
Exercise 11: sin(—0) = —sind
Exercise 12: 5in(90° + 0)

e 13 _ _tana+tanp_
Exercise 13: tan(a + ) = 1—tanatan

e 14: _ _tana—tanp_
Exercise 14: tan(a — ) = 1+ anatnf

: ) _ cotacotp—-1
Exercise 15: cOt(a + ff) = ~cota + COTB
Exercise 16: sina = % and cos f} = %

Exercise 16a: COS a and Sin f3.

Exercise 16b: sin(a + f3)

Exercise 16¢: cos(a — f3)
Exercise 17: sin(a — ) cos B + sinfcos(a — f) = sina
Exercise 18: sin(a — f + y) cos fcosy + cos(a — B+ y)sinfcosy —sinycos(a +y) = sina
Double-Angle Identities

Half-Angle Identities
Triple-Angle Identities

Exercises on Multiple-Angle Identities
Exercise 1: c0s 20
Exercise 2: Sin 20

Exercise 3: C0S%0 = %(1 + €05 20)
Exercise 4: c0s*0 — sin*0 = cos 20
Exercise 5: COS(ZZ%O

Exercise 6: COS %

Exercise 7: C0S40 = 8c0s*0 — 8c0s%0 + 1
Exercise 8: C0s*0 + sin%g = 1 — % sin(20)

Exercise 9: C0s%6 — sin%) = (cos 29)(1 -1 sin2(29))

Exercise 10: c0s 30 = 4c0s%0 — 3cos 6
Exercise 11: 5in360 = 3sin@ — 4sin®

1-t2 ;
d sinfd =
14tz 1+t2

Exercise 12: c0s0 =

Exercise 13: 5in 18
Factorization Identities

Exercises on Factorization Identities
Exercise 1: 5in 80 + sin 20 = 2sin560 cos 30
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cen 0. SIN5O +5IN30 _
Exercise 2: <in50 —<in30 tan40cotd

sind +sin20 +sin40 +sin50_ _ 53¢
€0s6 + cos20 + cos40 + cos50
Exercise 4: c0S0 + €05 360 + cos50 + cos 70 = 4cos0 cos 20 cos 40

Exercise 5: SiN2X + SiN4x + sin6x = 45in 3Xc0S 2XCOS X

Exercise 3:

= 6. Deriving the Package Identities

Summary 6. Deriving the Package Identities

Movie Ei‘ 6. Deriving the Package Identities

Our Objective in this Movie
The Principle of Addition of Angles
First Example on Addition of Angles
Second Example on Addition of Angles
Third Example on Addition of Angles
Proof of the Identity first package identity
The Rest of the Package
Using Only the First Identity in the Package to expand cos(—6), sin(—0), cos(90° — ), and sin(90° — 0)
Expanding cos(—0)
Expanding cos(90° — 0)
Expanding sin(90° — )
Expanding sin(—6)
Expanding cos(a + ) = cosacos f —sinasinf
Expanding sin(a — ) = sinacos ff —sin fcosa
Expanding sin(a + ) = sinacos f§ + sin fcosa

& 7. Inverse Trigonometric Functions

Summary 7. Inverse Trigonometric Functions
Worksheet 7. Inverse Trigonometric Functions

Movie Ei‘ 7. Inverse Trigonometric Functions

The Idea of the Function arccos
Some Examples to Illustrate the Function arccos
The Angle arccos 0

The Angle arccos %

The Angle arccos (7% )

1
The AngleS arccos| —— | and arccos|{ —
(ﬁ ) (

The AngleS arccos(@) and arccos (f

The AngleS arccos(.37) and arccos(—. 37)

Some Basic Facts about arccos

The Function arcsin

The Function arcsin as We Saw it in the Movie on Triangles
Introducing the Function arcsin General Case

Some Examples to Illustrate the Function arcsin
The Angles arcsin 1 and arcsin(—1)

The Angles arcsin (%) and arcsin (—%

i 1 ; 1
The Angles arcsin| —== | and arcsin{ —
( V2 ) ( 2 )

Some Basic Facts about arcsin

A Relationship Between arcsin and arccos

The Function arctan

Some Examples to Illustrate the Function arctan
The Angle arctan 0

The Angles arctan 1 and arctan(—1)

The Angles arctan /3 and arctan (— J3 )

The Angles arctan % and arctan 1

N‘h ﬁ‘n—\

The Angles arctan 2000000000 and arctan(—1000000000)
Some Basic Facts about arctan
An Identity Involving arctan
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The Function arcsec

Some Examples to Illustrate the Function arcsec
The Angles arcsec 1 and arcsec(—1)

The Angles arcsec 2 and arcsec(—2)

The Angles arcsec /2 and arcsec <f J2 >

Some Basic Facts about arcsec

Exercises on Inverse Trigonometric Functions
Exercise 1: cos(2arcsinu) + cos(2arccosu) = 0
Exercise 2: arccos(cos6) = 6

Exercise 3: cos(3arccosu) = 4u® — 3u

Exercise 4: sin(4arccosu) = 4u(2u? — 1) /1 — u?
Exercise 5: tan(2arctanu)

Exercise 6: arctanu + arctan(%) = —%

Exercise 7: arcsin(—u) = —arcsinu

Exercise 8: arccos(—u) = 7z — arccosu

Exercise 9: arctan(l;iirﬁ%so> +arctan(cotg) = & > 0

= 8. Solution of Trigonometric Equations

Summary 8. Solution of Trigonometric Equations
Worksheet 8. Solution of Trigonometric Equations

Movie E} 8. Solution of Trigonometric Equations

Solving the Cosine Equation: Geometric Approach
Motivating the Solution of the Cosine Equation

Solution of the Cosine Equation: Geometric Approach
(Optional) Solving the Cosine Equation: Algebraic Approach
Solving the Sine Equation: Geometric Approach

Motivating the Solution of the Sine Equation

Solution of the Sine Equation: Geometric Approach
(Optional) Solving the Sine Equation: Algebraic Approach
Solving the Tangent Equation

Exercises on Trigonometric Equations

Exercise 1: c0s 360 = %

Exercise 2: /2 sin20 = —1

Exercise 3: /3 tan30 = 1

Exercise 4: 4 05?50 = 3

Exercise 5: 605260 + 7sin60 —8 = 0
Exercise 6: c0s20 = cos(100° + )
Exercise 7:5in30 = sinf

Exercise 8: c0s50 = sin(34° + 30)
Exercise 9: sec?0 +tand —3 = 0
Exercise 10: tan?30 + 3sec30 —9 = 0
Exercise 11: c0s660 — c0s20 = 0
Exercise 12: C0S 760 + c0s 30 = cos 20
Exercise 13: c0s 36 — cos56 = sin46
Exercise 14: 05 30 + cos50 = cos@

Exercise 15: /3 c0s6 +sinf— J2 =0

E The Relations and Functions Group
& 1. Introduction to Relations

Summary 1. Introduction to Relations
Worksheet 1. Introduction to Relations

Movie Ei‘ 1. Introduction to Relations

Some Examples of Relations

The Relation "Is a Brother of"

The Relation "Same Color as"

Associating a Color to Each Bead in a Set of Beads
Associating to Each Color, the Beads that Match it.
The Relation “Is a Factor of”

Calorie Intake and Body Weight

A Circle Relation

A Disk Relation
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A Relation Given by a More General Inequality
Exercises on Relations

Exercise 1: [0, 1] when X =y

Exercise 2: [-1,1] whenx =y

Exercise 3: [0,1]andx <y
Exercise 4: [0, 1] <

Exercise 5: {1, 2,
Exercise 6: {1, 2,3,
Exercise 7: (X — 2)2 + (
Exercise 8: (X — 2)% + (Y —
Exercise 9: (X — 2)2 +(y-3
Exercise 10: 10 < (x —2)? + (y—3)? < 25

Exercise 11: 10 < (x—2)? + (y—3)? < 25andy > 2x— 6

A%
[~

a 1
and X ? dy 2
3,4,5,6,7,8,9,10,11,12} when X is a multiple of y.
4,5,6,7,8,9,10,11

an
6,7,8,
6,7,8, , 11,12} when X — y is an odd number
y-3)°
3)2
)

O OOwwoo

IV IA I

E 2. Introduction to Functions

Summary 2. Introduction to Functions
Worksheet 2. Introduction to Functions

Movie

Ei‘ 1. Introduction to Functions

Intuitive Definition of a Function
Some Examples of Functions

Example 1: {(-1,2),(0,2),(1,1), (2,¥3),(3,-1),(4,1),(5,3) }
Example 2: Associating a Color to Each Bead in a Set of Beads
Example 3: (X, X? — 2X) forwhich 0 < x < 3
A Return to The Examples of Relations
Associating to Each Color, the Beads that Match it
Calorie Intake and Body Weight
The Relation "Is a Brother of"
The Relation "Same Color as"
A Return to the Relation "Factor of"
A Return to the Circle Relation
A Return to the Disk Relation
Function Notation and Domain of a Function
Ilustrating Function Notation with the Bead Color Example
Distinguishing between a Function and Its Values
Some Further Examples of Functions
Naming a Person
A Quadratic Function
A Restricted Quadratic Function
A Piecewise Defined Function
Exercises on Functions
Exercise 1: f(x) = x? for every real number X
Exercise 2: f(x) = x? for every number X > 2
Exercise 3: f(x) = x?
Xx—2 if x>5
Exercise 4: f(x) =
1-x if x<1

9 —x?
1-Jx-1
Function Images of a Set

Function from a Set A to a Set B

Some Examples to Illustrate the Notionf : A - B
Example 1: f(x) = x? forevery x € [-2,3]

Exercise 5: f(x) =

-2 if x<-3
Example 2: f(x) = x? if -3<x<5
0 if x>5

The Range of a Function

Defining the Image of a Set Under a Function
Examples of Function Images
Example 1: f(x) = x? for every real number X

Example 2: f(x) = —=%
P ) ) 1+ x?
Exercises on Images and Ranges

Exercise 1

30



Exercise la: f[[— J2.,3
Exercise 1b: f[ -J2,3
Exercise 1c: f[ -J2,3

3

Exercise 1d: f[[— J2,
Exercise 2

Exercise 2a: f [ [

Exercise 2b: f [ <

Exercise 2c: f [ [

Exercise 2d: f [ <

Exercise 3: f(x) =

3-—x if 1<x<2
Exercise 4: f(x) = x* — 6x + 11
Exercise 5: f(X) = (X2 — 6X + 5)°
Exercise 6: f(X) = (X2 —6X +5)*for1 <x <5
Exercise 7: f(X) = X =2

%725
Exercise 8: f(x) = 1
2
Exercise 9: f(x) = —X-+1
xercise 9: f(x) Zoixr 1

= 3. Some Elementary Topics on Functions

Summary 3. Some Elementary Topics on Functions
Worksheet 3. Some Elementary Topics on Functions

Movie Ei‘ 3. Some Elementary Topics on Functions

Vertical Shifting of Graphs
Example to Illustrate Verical Shifting
Horizontal Shifting of Graphs
An Example to Motivate the Idea of Horizontal Shifting
Some Further Shifting of the Graphy = x?
The Principle of Horizontal Shifting
Animating the Graphy = (X — ¢)*
Animating the Graphy = (X — €)% — 3(X — ¢)*?
Combining Functions
Arithmetical Combinations of Functions
Examples on Arithmetical Combinations of Functions
Example 1: f(x) = 3x—2and g(x) = /x> +1
Example 2: f(x) = 3x — 2and g(X) = x> -9
Example 3: f(x) = 3x — 2and g(X) = x? — 9 for every number X € [-2,2]
Composition of Functions
Some Examples of Compositions
Example 1: (g o f)(x) = g(f(x)) = g(x?) = x* +1
Example 2: (o g)(x) = f(g(x)) = f(JX) = 1 - (JX)* = 1-x
Example 3: (g o f)(x) = g(f(x)) = g(1 —x?) = J1-x?
Example 4: (fo g)(x) = f(g(x)) = f(JX) = 1 - (JX)* = 1 -x
Exercises on Compositions
Exercise 1: (g o f)(2) and (fo g)(2)
Exercise 2: (g o f)(2)
Exercise 3:fogandg o f
Exercise 4
Exercise 4a: f(x) = /X forall x > 0 and g(x) = x? for all numbers X
Exercise 4b: f(x) = /X forallx > Oand g(x) = x? forall x > 0
1

Exercise 4c: f(x) = lX:ZZX forall X # % and g(x) = 1Xr22X forall X + -5

Exercise 4d: f(x) = 1 + 2x for all numbers X and g(x) = 3 — X for all numbers X

Exercise 5:h(x) = J1+ J1+x2

Exercise 6: (fo (goh))(x) = f((goh)(x))
Exercise 7

- a+b
Exercise 7a: C =
1+ atEJ
Exercise 7h: ¢ = -&=
1-ab
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X—a

Exercise 7c: fa(X) = 1= ax

E 4. Inverse Function of a Given Function

Summary 4. Inverse Function of a Given Function
Worksheet 4. Inverse Function of a Given Function

Movie

ﬁi‘ 4. Inverse Function of a Given Function

One-One Functions

Definition of a One-One Function (Injective Function)
Examples on One-One Functions

Example 1: f(x) = x° for every number X

Example 2: f(x) = x? for every number X > 0
Example 3: f(x) = x? for every number X

Example 4: f(x) = i1

The Inverse Function of a One-One Function
Definition of the Inverse Function of a Given Function

How to Find the Inverse Function of a Given Function
Examples of Inverse Functions of Given Functions
Example 1: f(x) = 3x — 2 for every number X

Example 2: f(x) = x? forevery x € [0, )

Example 3: f(x) = ﬁ for every number X > 0

Example 4: f(X) = 2* for every number X
Example 5: f(x) = 3X

Some Preliminary Inequalities
Now we begin Example 5
Example 6: f(X) = 31 g
ple 6: f(x) 320 for-1 <x<1
Exercises on Inverse Functions of Given Function
Exercise 1: f(X) = x + 3
Exercise 2: f(x) = 2x — 6
Exercise 3: f(x) = x3
Exercise 4: f(x) = X

Exercise 5: f(X) = X + %

71f0r71<x<l
X

. _ 1
Exercise 6: f(X) = X + XX )
Exercise 7: f(X) = —2—

Jx+1

Monotone Functions

Increasing Functions

Decreasing Functions

Definition of a Monotone Function
Monotone Functions and One-One Functions
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